Abstract. In this paper, we prove the extensions of Bonnet-Myers' type theorems obtained by Calabi and Cheeger-Gromov-Taylor via Bakry-Emery Ricci curvature, which generalize the results of [7, 12, 22, 23, 24, 26] .
Introduction
The celebrated Bonnet-Myers theorem states that a complete Riemannian manifold whose Ricci curvature has a positive lower bound must be compact. Calabi [2] generalized this result as follows Theorem(Calabi) Let M be a complete n-dimensional Riemannian manifold with nonnegative Ricci curvature. If for some point p 0 ∈ M, every geodesic ray issuing from p 0 has the property that In particular, this indicates that if the Ricci curvature of a complete Riemannian manifold M satisfies Ric M (x) ≥ 1 (4 − ε)(1 + r(x)) 2 , where r(x) = d(p 0 , x) is the distance function and ε ∈ (0, 4) is a constant, then M is compact(c.f. [25] ). Cheeger-Gromov-Taylor [4] and Garding [8] also demonstrated a similar result. The idea of their proof relies on studying carefully the index form or the second variation. Recently, Wan [22] gave a complementary extension of Calabi and Cheeger-Gromov-Taylor's theorems by showing that the manifold has no ray issuing from some point.
In the last decade, the previous mentioned Bonnet-Myers' type theorems were generalized to the case that the complete Riemannian manifold is equipped with Bakry-Emery Date: 2019-05-03.
Ricci cuvature under different conditions (see e.g. [1, 3] , [9] - [21] , [23, 24, 26, 27] ). Let (M n , g) be a complete Riemannian manifold, V a smooth vector field on M. Denote the V -Laplacian operator ∆ V := ∆ + V, ∇· . As in [5, 24] , we define the Bakry-Emery Ricci curvature
where Ric is the Ricci curvature of M, L denotes the Lie derivative, V * is the dual 1-form to V and m > n a constant. Usually, Ric m V is called the m-Bakry-Emery Ricci curvature. Fernández-López and García-Río [7] proved that if the Bakry-Emery Ricci curvature Ric V of a complete Riemannian manifold (M, g) has a positive lower bound, and |V | is bounded, then M is compact. Later, by applying the mean curvature comparison theorem to the excess function, Wei-Wylie [24] showed that when the vector field V is the gradient of some smooth function f on M, namely, V = ∇f , if the BakryEmery Ricci curvature Ric f has a positive lower bound and |f | is bounded, then M is compact. Limoncu [12] obtained that the complete Riemannian manifold M is compact when the m-Bakry-Emery Ricci curvature Ric m V has a positive lower bound. Afterwards, Soylu [18] and Wang [23] demonstrated the Cheeger-Gromov-Taylor type compactness theorem via Bakry-Emery Ricci curvature Ric f and m-Bakry-Emery Ricci curvature Ric m f respectively. In this note, we shall follow the idea of Wan [22] , by using the excess function and VLaplacian comparison theorem (see Theorem 3 in [5] ), we derive an extension of BonnetMyers' type theorem with the Bakry-Emery Ricci curvature.
) be a complete Riemannian manifold, V a smooth vector field on M, and h : [0, +∞) → (0, +∞) a continous function. Let r(x) = d(p, x) be the distance function from p ∈ M. Assume V, ∇r ≤ C 1 along a minimal geodesic from every point p ∈ M, here C 1 is a constant. Suppose
where C 2 is a positive constant depending only on h, n and C 1 . Then M is compact. Here C 2 can be chosen as
+ ε (ε, δ are arbitrary positive constants).
h(s)ds = +∞, then the constant C 2 can be chosen as arbitrary positive real number. And by the Gaussian shrinking Ricci soliton, we know that the condition on V, ∇r can not be weakened to "from a fixed point p ∈ M". Remark 2. When V = ∇f for some smooth function f on M, if we choose h ≡ cosntant, then Theorem 1 becomes Theorem 1.3 in [26] .
Choosing h(x) = 1 (r(x)+r 0 ) k , where k ∈ R and r 0 is a positive constant, then Theorem 1 implies
) be a complete Riemannian manifold and V a smooth vector field on M. Suppose that V, ∇r ≤ C 1 along a minimal geodesic from every point p ∈ M, here C 1 is a constant. If there exist p ∈ M, k ∈ R, and r 0 > 0, such that
is the distance function and C(n, k, r 0 , C 1 ) is a constant depending only on n, k, r 0 , C 1 . Then M is compact. Here when k > 2, C(n, k, r 0 , C 1 ) can be chosen as
δ are arbitrary positive constants), when k ≤ 1, C(n, k, r 0 , C 1 ) can be chosen as arbitrary positive real number.
Remark 3. When V ≡ 0, then C 1 can chosen as zero, Ric V is just the usual Ricci curvature, and Corollary 1 becomes Theorem 0.1 in [22] , which is an extension of Calabi and Cheeger-Gromov-Taylor's theorems.
In particular, if we take h ≡ constant in Theorem 1, then by Remark 1, we obtain Corollary 2. Let (M n , g) be a complete Riemannian manifold and V a smooth vector field on M. Let r(x) = d(p, x) be the distance function from p ∈ M. If V satisfies V, ∇r ≤ C 1 along a minimal geodesic from every point p ∈ M, here C 1 is a constant. Suppose that
where K is a positive constant. Then M is compact.
Remark 4. Fernández-López and García-Río [7] proved that if the norm of V is bounded and the Bakry-Emery Ricci curvature has a positive lower bound, then M is compact (see Theorem 1 in [7] ). Clearly, the condition on the vector field V in Corollary 2 is weaker than theirs.
When the vector field V = ∇f for some smooth real valued function f on M, applying Theorem 1.1 b) in [24] instead of the V -Laplacian comparison theorem in the proof of Theorem 1, we can derive the following extension of Bonnet-Myers' type theorem. Since the proof is quite similar to the one of Theorem 1, we omit the proof here. 
where C 3 ≥ 0 is a constant and C 4 is a positive constant depending only on h, n and C 3 . Then M is compact. Here C 4 can be chosen as Remark 5. If we take h ≡ constant, then C 4 can be chosen as arbitrary positive real number. Thus Theorem 2 recovers the Myers' theorem in [24] .
Corollary 3. Let (M n , g) be a complete Riemannian manifold and f a smooth real valued function on M. Suppose |f | ≤ C 3 , here C 3 is a nonegative constant. If there exist p ∈ M, k ∈ R, and r 0 > 0, such that
is the distance function and C(n, k, r 0 , C 3 ) is a constant depending only on n, k, r 0 , C 3 , and Then M is compact. Here when k > 2, C(n, k, r 0 , C 3 ) can be chosen as (n+4C 3 −1)·
+ε, when k = 2, C(n, k, r 0 , C 3 ) can be chosen as (n + 4C 3 − 1)(1 + r 0 δ ) + ε(ε, δ are arbitrary positive constants).
Remark 6. Soylu [18] proved a Cheeger-Gromov-Taylor type theorem via the BakryEmery Ricci curvature Ric f with bounded f , so the case of k < 2 is covered by his result, we only need to consider the case when k ≥ 2.
For complete Riemannian manifolds with the m-Bakery-Emery Ricci curvature Ric m V , we can also obtain the Bonnet-Myers' type theorem by using a similar method as in the proof of Theorem 1. d(p, x) is the distance function and C(n, k, r 0 ) is a constant depending only on n, k, r 0 , then M is compact. Here when k > 2, C(n, k, r 0 ) can be chosen as (n − 1) 
Proof of Theorem 1 and Theorem 3
Proof of Theorem 1 Suppose that M is complete noncompact. Then for any p ∈ M, there is a ray σ(t), such that σ(0) = p.
Since r(x) = d(p, x) is smooth outside the cut-locus of p, applying the Bochner formula (2.2) in [6] , we have
Computing both sides of (2.1) along σ(t),
. ∀δ > 0, integrating the above equality over the interval [δ, t],
Since Ric V (x) ≥ C 2 h(r(x)) > 0 and V, ∇r ≤ C 1 , by the V-Laplacian comparison theorem (see Theorem 3 in [5] ),
Consider the excess function
By the triangle inequality, we have e(x) ≥ 0 and e(σ(t)) ≡ 0 for 0 ≤ t ≤ i.
Letting i → +∞, we obtain ϕ V (t) ≥ −C 1 . Therefore we arrive at
From (2.2) and (2.3), we derive
Letting t → +∞, we get
Choosing C 2 = n−1 δ
+ ε (∀ε > 0 is a constant), this yields the contradiction. Hence M must be compact.
Proof of Theorem 3
Suppose that M is complete noncompact. Then for any p ∈ M, there is a ray σ(t), such that σ(0) = p.
By the elementary inequality
Substituting (2.4 ) into (2.1), Letting i → ∞, we get ϕ V (t) ≥ 0. Therefore we obtain (2.8) 0 ≤ ϕ V (t) ≤ n − 1 t .
Combing (2.7) with (2.8), it follows that
Letting t → +∞, we get + ε (∀ε > 0 is a constant), it is a contradiction. Hence M must be compact.
